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Abstract

The asymptotic properties of the solution to the Klein–Gordon equation will be studied in the Schwarzschild spacetime
background. The results are based on the global Sobolev-type inequalities and the generalized energy estimates.
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1. Introduction

The goal of this paper is to derive asymptotic behaviors of the solution to the Klein–Gordon equation in the external
Schwarzschild spacetime. The several decay estimates of the massive scalar field in Minkowski spacetime have been
studied intensively [14,17].

The asymptotic behavior of the scalar field in the presence of a black hole has been studied by several authors [3,
4,8,12,13,24] who were mainly concerned with massless fields. However, considering the recent development of the
Kaluza–Klein theories such as the Randall–Sundrum model [25] in string theory the evolution of massive scalar fields
will become important. Moreover the physical mechanism of the massive scalar field may be qualitatively different
from that of the massless one [18,20,21]. One of the features is that the decay in time of massive scalar field is much
faster along null directions than along timelike directions. We also note that the slowest rate of decay occurs along
null directions for the solution of the massless scalar field.

The Klein–Gordon equation in the Schwarzschild metrics has been studied by several authors [1,16,23]. The bound
in the exterior Schwarzschild spacetime for the C∞ solution of the covariant Klein–Gordon equation which has
compact support on Cauchy surfaces in Kruskal spacetime was obtained in [16] and asymptotic behavior at the horizon
and infinity was studied in [23].

On the other hand, D. Christodoulou and S. Klainerman derived in [5] the uniform asymptotic behavior of
solutions to Maxwell equations and spin 2 equations in Minkowski space, based on generalized energy estimates and a
systematic use of the invariance properties of the field equations with respect to the conformal group of the Minkowski
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spacetime. Moreover they also showed in a remarkable paper [6] that the global nonlinear stability of Einstein equation
around the Minkowski spacetime (see also [19]). The results were extended in [15] to the case of the Maxwell
equations in the external Schwarzschild spacetime. We will adapt those methods to study the Klein–Gordon equation.
However the application is not straightforward. The main difficulty comes from the fact that the energy–momentum
tensor of the massive wave field is not traceless in contrast to the Maxwell field’s, which is traceless. For the case of
massless wave field, the modified vector field was suggested to make the error terms simple [5,22] and its idea was
used in a black hole spacetime [7].

Recently the decay rates for massive Dirac particles in black hole geometry were shown in [10,11]. In fact it was
proved that the Dirac wavefunction decays in L∞

loc at least at the rate t−5/6 and the rate of decay is sharp for generic
initial data. From the physical viewpoint, those results show that the black hole’s gravitational attraction has an effect
on the long-time behavior of the massive Dirac particles. Therefore we may expect that the local decay rate of the
solution to (3) is at most t−5/6 for generic initial data. Actually it was anticipated in [21] that the massive scalar field
decays in L∞

loc at the same rate t−5/6.
We also note interesting papers [2,9]. In particular it was shown in [2] that there are a countable family of globally

regular solutions of spherically symmetric Einstein–Klein–Gordon equations. These solutions, known as mini-boson
stars, are not static: although the metric and the stress-energy tensor of the scalar field are time independent, the scalar
field itself has the form of a standing wave φ(r, t) = eiωt φ̃(r). This is in stark contrast with the classical case where
Minkowski spacetime is the background metric.

In Section 2, our main result will be stated. In Section 3, we will describe several preliminary facts and show how
to control the energy-type norms. In Section 4, the proof of Proposition 2.1 will be shown.

2. Statement of the result

To begin with we summarize several facts concerning the Klein–Gordon equation in the Schwarzschild metric.
Recall that in Boyer–Lindquist coordinates (t, r, θ, φ) with r > 0, 0 ≤ θ ≤ π, 0 ≤ φ < 2π , the Schwarzschild
metric is given by

ds2
= −

(
1 −

2M

r

)
dt2

+

(
1 −

2M

r

)−1

dr2
+ r2(dθ2

+ sin2 θdφ2), (1)

where M denotes the mass of the black hole. The r > 2M region, denoted byM, is called the external Schwarzschild
spacetime. We will use the notation Φ2

= 1 −
2M
r . The Klein–Gordon equation in the Schwarzschild spacetime is

�gu − m2u = gαβ Dα Dβu − m2u = 0, (m 6= 0), (2)

where Dα denotes the Levi-Civita connection relative to the Schwarzschild metric and (gαβ) is an inverse of (gαβ).
The external Schwarzschild spacetime has the following geometric structures.

(a) Hyperplane: Σt = {p ∈M | t (p) = t}.
(b) Canonical null foliations consist of the null cones: {C(v), C(v)},

C(v) ≡ {p ∈M | v(p) = v = t − r∗},

C(v) ≡ {p ∈M | v(p) = v = t + r∗},

where r∗ ≡ r + 2M log( r
2M − 1). We will use the following notation:

Σt0,δ = {(t, x)|t = t0, t − r∗ ≤ −r∗(2M + δ)},

l t1
t0,δ

= {(t, x)|t0 ≤ t ≤ t1, t − r∗ = −r∗(2M + δ)},

V t1
t0,δ

= {(t, x)|t0 ≤ t ≤ t1, t − r∗ ≤ −r∗(2M + δ)},

Rδ = {(t, x) ∈M|t ≥ 0 and t + r∗(2M + δ) − r∗(r) ≤ 0}.

In particular, we define r0 = 2M + δ0 by r∗(2M + δ0) = 0.
(c) Canonical sphere foliation: S(t, r) = Σt ∩ C(v) where C(v) is the outgoing null cones, through (t, r). For each

fixed t the family {S(t, r)} produces a S2 foliation of the hyperplane Σt .
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(d) Canonical null pairs are given by the vector fields

e3 = Φ−1∂t − Φ∂r , e4 = Φ−1∂t + Φ∂r .

We can complete the pair e3, e4 to a null frame {e1, e2, e3, e4}, at a generic point p, by taking an orthonormal frame
{ea}, a ∈ (1, 2)1 on the space tangent to the sphere S(t, r) passing through p.

(e) Conformal structure: the external Schwarzschild spacetime has the following Killing vector fields.

1. Time translation

T = ∂t .

2. The three generators of the rotation group O (={Oi j : 1 ≤ i < j ≤ 3}),

Oi j = xi
∂

∂x j
− x j

∂

∂xi
, for i, j = 1, 2, 3.

For convenience, we will use the following notation:

T̃ = Φ−1T, Ñ = ΦN = Φ∂r .

Now let us state our result.

Proposition 2.1. Consider the following initial value problem:{
gαβ Dα Dβu − m2u = 0, (m > 0),

u(0, x) = u0(x), Dt u(0, x) = u1(x),
(3)

in the external Schwarzschild spacetime. Let δ be a positive number. If a point (t, r) belongs to a region Rδ and u is
a solution of the Cauchy problem equation (3), then the following estimates hold:

(I) For a fixed δ (≥δ0), we have

sup
S(t,r)

(rτ
1
2 |u|) ≤ c

√
m2 + 1

m2 I
1
2 , (4)

where τ 2
= 1 + (t − r∗)

2 and c is independent of δ (≥δ0). The quantity I is defined as (13).
(II) For a fixed δ (≤δ0), we have

sup
S(t,r)

(rτ
1
2 |u|) ≤ cA(m, δ)

1
2 I

1
2 , (5)

where A(m, δ) =
m2

+1
m2 ( 2M+δ

δ
)

3
2 (1 − r∗(2M + δ))2.

Remark. The estimate (II) is actually concerned with the region Rδ − Rδ0 (δ ≤ δ0) and note that A(m, δ) → ∞ as
δ → 0.

3. Preliminaries

We recall several facts and estimates used for the proof of Proposition 2.1. The following lemma states the
commutativity of the Klein–Gordon operator and the Lie derivatives with respect to T, Oi j .

Lemma 3.1. If u is a solution to the Klein–Gordon equation, then Lie derivatives of u with respect to T, Oi j are also
solutions.

1 For instance, eθ =
1
r ∂θ , eφ =

1
r sin θ

∂φ .



58 H. Huh / Journal of Geometry and Physics 58 (2008) 55–63

Proof. Recall that

�gu = gαβ Dα Dβu = gαβ(∂αβu − Γ γ
αβ∂γ u) = �′u − gαβΓ γ

αβ∂γ u,

where Γ denotes the Christoffel symbol with regard to the given metric. Then we have

∂t (�gu − m2u) = ∂t (�
′u) − ∂t (g

αβΓ γ
αβ∂γ u) − m2(∂t u)

= �′(∂t u) − gαβΓ γ
αβ∂γ (∂t u) − m2(∂t u)

= �g(∂t u) − m2(∂t u),

where the second equality above comes from the fact that gαβ and Γ γ
αβ are independent of a time variable t . In fact,

we can check that the only nonzero components of Christoffel symbol are

Γ 1
00 = Φ2 M/r2, Γ 1

11 = −Φ−2 M/r2,

Γ 1
22 = −rΦ2, Γ 1

33 = −Φ2r sin2 θ, Γ 2
33 = − sin θ cos θ.

Next we will check the case [O12, �g − m2
] = 0. We know that O12 = x1

∂
∂x2

− x2
∂

∂x1
= ∂φ .

O12(�gu − m2u) = O12(�
′u) − O12(g

αβΓ γ
αβ∂γ u) − m2 O12u

= �′(O12u) − gαβΓ γ
αβ∂γ (O12u) − m2 O12u

= �g(O12u) − m2(O12u).

By the similar argument we can prove the other case O23, O13. �

To define conserved positive quantities, the energy–momentum tensor will be made use of.

Definition 3.2. The energy–momentum tensor of a function u is

Qµν[u] = Dµu Dνu −
1
2

gµν(Dαu Dαu + m2u2).

Lemma 3.3. 1. The energy–momentum tensor Q is symmetric and satisfies Q(X, Y ) ≥ 0 for any non-spacelike future
directed vector fields X, Y .

2. If u is a solution of the Klein–Gordon equation then the energy–momentum tensor Q has vanishing divergence.

Proof. 1. The future directed vector fields can be written as linear combinations of e3, e4 with nonnegative coefficients.
So the result is an immediate consequence of the following:

Q33 = Qµνeµ
3 eν

3 = |e3(u)|2, (6)

Q44 = Qµνeµ
4 eν

4 = |e4(u)|2, (7)

Q34 = Qµνeµ
3 eν

4 = |∇/u|
2
+ m2u2, (8)

where ∇/ is the covariant derivative of the two-dimensional submanifold S(t, r) with respect to the induced metric.
2. The second result can be shown as follows:

Dα Qαβ = Dα Dαu Dβu + Dαu Dα Dβu −
1
2

(
Dβ Dµu Dµu + Dµu Dβ Dµu

)
− m2u Dβu

= Dαu Dα Dβu − Dαu Dβ Dαu

= Dαu(Dα Dβu − Dβ Dαu) = 0. �

Remark. Q is not traceless. In fact, Qαβgαβ
= −Dµu Dµu − 2m2u2.

Now we introduce a global Sobolev-type inequality. Using T̃ we can define positive definite metric g inM:

gµν = gµν + 2T̃µT̃ν .
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If U is an arbitrary tensor field inM of type (q, p) we shall denote by |U | its pointwise norm relative to g:

|U | =

(
gµ1ν1 · · · gµpνp gα1β1

· · · gαqβq
U

α1···αq
µ1···µp U

β1···βq
ν1···νp

)1/2
.

We denote by D/Ñ the projection over the tangent space of S(t, r) of DÑ and by ∇/ the Levi-Civita connection relative
to the induced metric on S(t, r). To get an L∞ estimate of the solution to the Klein–Gordon equation, we shall use
the global Sobolev-type inequality which was found in [6,15].

Lemma 3.4. Let U be a C∞ tensor field tangential to S(t, r) and satisfying

lim
r→∞

r |U (r, ω)| = 0,

where ω indicates the angular coordinates; then the following inequality holds:

sup
S(t,r)

(rτ
1
2 |U |) ≤ c

[∫
Σt ([r,∞))

|U |
2
+ r2

|∇/U |
2
+ τ 2

|D/Ñ U |
2
+ r4

| ∇/ 2 U |
2
+ r2τ 2

|∇/D/Ñ U |
2
] 1

2

,

where τ 2
= 1 + (t − r∗)

2 and the integral over the spacelike hypersurface Σt is defined as∫
Σt ([r,∞))

H ≡

∫
∞

r
dr ′

∫
S(t,r ′)

Φ−1 H.

Now we introduce how to control the energy-type norms. Recall that the energy–momentum tensor of a function u
relevant to the Klein–Gordon equation is given by

Qµν[u] = Dµu Dνu −
1
2

gµν(Dαu Dαu + m2u2).

Define the covariant vector field P associated with vector field X , Pµ[u] = Qµν[u]Xν ; then we can get the following
equality easily:

Dα Pα = Dα Qαβ Xβ
+

1
2

Q(X)
αβ παβ ,

where (X)παβ is a deformation tensor LX g. Integrating Dα Pα over V t1
t0,δ

we obtain the following lemma.

Lemma 3.5. Let Pµ[u] = Qµν[u]Xν; then Stokes’s theorem implies∫
Σt1,δ

Q(X, T̃ ) +

∫
l
t1
t0,δ

Φ−1 Q(X, e4) =

∫
Σt0,δ

Q(X, T̃ ) −

∫
V

t1
t0,δ

Dα Pα. (9)

We will assign special timelike vector fields to X . The elementary application is X = T . Since T is a Killing vector
field, if u is a solution of the Klein–Gordon equation then Lemma 3.3 guarantees that Dα Pα vanishes. Moreover the
positivity property of the energy–momentum tensor Q relative to future causal vector fields T, e4 makes the second
integral of equation (9) nonnegative. So we obtain the following inequality:∫

Σt,δ

Q(T, T̃ ) ≤

∫
Σt0,δ

Q(T, T̃ ). (10)

However estimate (10) is not enough to control the weighted integral in Lemma 3.4. To obtain information concerning
the behavior of u along null directions we borrow some ideas from [18]. That is, we consider the case of X = f · T
where f depends only on r, t ; then we can calculate Dα Pα as follows:

Dα Pα = −
Φ
4

(Q33e4( f ) + Q34e4( f ) + Q43e3( f ) + Q44e3( f )) . (11)
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Then we obtain the following inequality:∫
Σt,δ

Q( f T, T̃ ) ≤

∫
Σt0,δ

Q( f T, T̃ ) −

∫
Vt0,t1,δ

Dα Pα. (12)

Let us consider the following integrals:∫
Σt

Q[La
T Lb

Ou](X, T̃ ) for a, b : nonnegative integer,

where LV is the Lie derivative with respect to a vector field V . From the integrals we define the following norm:

I (Σt , X) =

∑
0≤a+b≤2

∫
Σt

Q[La
T Lb

Ou](X, T̃ ). (13)

We consider the Cauchy problem for the Klein–Gordon equation in the Schwarzschild spacetime where the initial
data are given on the Σ0 hypersurface. We assign initial data for which the value I := I (Σ0, X) with X =

(1 + (t − r∗)
2)T = τ 2T is finite.

4. Proof of Proposition 2.1

Now we prove Proposition 2.1. Recall the global Sobolev inequality

sup
S(t,r)

(rτ 1/2
|u|) ≤ c

[∫
Σt [r,∞)

|u|
2
+ r2

|∇/u|
2
+ τ 2

|D/Ñ u|
2
+ r4

| ∇/ 2 u|
2
+ r2τ 2

|∇/D/Ñ u|
2
] 1

2

. (14)

If we can control the right hand side of (14) in terms of the initial data then the proof is done. Moreover let us recall
that a point (t, r) belongs to a region Rδ .

For the first integral in the right hand side of (14), using (10) the following estimate can be obtained easily (note
that Q(T, T̃ ) =

Φ
4 (Q33 + Q44 + 2Q34)):∫

Σt [r,∞)

|u|
2

≤
1

m2

∫
Σt [r,∞)

Q34[u] ≤
2

m2

∫
Σt [r,∞)

Φ−1 Q[u](T, T̃ )

≤
2

m2 Φ−1(δ)

∫
Σt [r,∞)

Q[u](T, T̃ )

≤
2

m2 Φ−1(δ)

∫
Σ0

Q[u](T, T̃ ) ≤
2

m2 Φ−1(δ)I, (15)

where we use the notation Φ−1(δ) =

√
2M+δ

δ
(=Φ−1(2M + δ)) for brevity.

For the second integral of (14), we can check by direct calculations that

|L Ou|
2

= r2
|∇/u|

2 for any function u, (16)

where the covariant derivative ∇/ is calculated with respect to the metric (1) (see also [15]). Therefore we have∫
Σt ([r,∞))

r2
|∇/u|

2
≤

1

m2

∫
Σt ([r,∞))

Q[L Ou](e3, e4) ≤
2

m2

∫
Σt ([r,∞))

Φ−1 Q[L Ou](T, T̃ )

≤
2

m2 Φ−1(δ)

∫
Σ0

Q[L Ou](T, T̃ ) ≤
2

m2 Φ−1(δ)I.

Using the following identities together with (16):

|∇/L Ou|
2

= |L O∇/u|
2 for any function u, (17)

r2
|∇/U |

2
= |L OU |

2
+ |U |

2 for any 1-form U, (18)

we may control the fourth integral of (14) in a similar way.
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Σt ([r,∞))

r4
| ∇/ 2 u|

2
≤

∫
Σt ([r,∞))

r2
|L O∇/u|

2
+ r2

|∇/u|
2

≤

∫
Σt ([r,∞))

|L2
Ou|

2
+ |L Ou|

2

≤
1

m2

∫
Σt ([r,∞))

Q[L2
Ou](e3, e4) + Q[L Ou](e3, e4) ≤

2

m2 Φ−1(δ)I.

The third and fifth integrals in (14) are different from the previous ones because Dα Pα does not vanish. Let us
show this with the third integral first. We know that

|D/Ñ u|
2

≤ 2
(
|Φ−1LT u|

2
+ |e4(u)|2

)
for any function u. (19)

Therefore,∫
Σt ([r,∞))

τ 2
|D/Ñ u|

2
≤ 2

∫
Σt ([r,∞))

τ 2
(
Φ−2 1

m2 Q[LT u](e3, e4) + Q[u](e4, e4)

)
≤ 2

∫
Σt ([r,∞))

τ 2
(

2Φ−3 1

m2 Q[LT u](T, T̃ ) + 4Φ−1 Q[u](T, T̃ )

)
.

We will show how to control
∫
Σt ([r,∞))

τ 2 Q[u](T, T̃ ). By Lemma 3.5 we obtain∫
Σt ([r,∞))

τ 2 Q[u](T, T̃ ) ≤

∫
Σ0

τ 2 Q[u](T, T̃ ) −

∫
V t

t0,δ

µ, (20)

where µ = Dα Pα[u] = (r∗ − t)(Q34[u] + Q44[u]). Here is the place where we need to consider the region Rδ .
(A) The case δ0 ≤ δ will be considered for the time being. Since S(t, r) belongs to Rδ0 , r∗ − t is positive. So

the left hand side of (20) is controlled trivially by the initial data. The other term
∫
Σt ([r,∞))

τ 2 Q[LT u](T, T̃ ) can be
estimated in a similar process. Therefore, we obtain the following consequence:∫

Σt ([r,∞))

τ 2
|D/Ñ u|

2
≤ 8Φ−1(δ)

∫
Σ0

τ 2 Q[u](T, T̃ ) +
4

m2 Φ−3(δ)

∫
Σ0

τ 2 Q[LT u](T, T̃ )

≤ 8
(
Φ−1(δ) +

1

m2 Φ−3(δ)

)
I ≤ c

m2
+ 1

m2 I.

The identity that we need to consider to control the fifth integral in (14) is the commutative property of L O and
D/Ñ :

[L O , D/Ñ ] = 0 for any function u. (21)

Using (18), (19) and (21) we deduce the inequality

τ 2r2
|∇/D/Ñ u|

2
= τ 2

|L O D/Ñ u|
2
+ τ 2

|D/Ñ u|
2

≤ 2τ 2
(
|Φ−1LT L Ou|

2
+ |e4(L Ou)|2

)
+ 2τ 2

(
|Φ−1LT u|

2
+ |e4(u)|2

)
.

We just show how to control τ 2
|L O D/Ñ u|

2 and the term τ 2
|D/Ñ u|

2 can be estimated in a similar way.∫
Σt ([r,∞))

τ 2
|L O D/Ñ u|

2
≤ 2

∫
Σt ([r,∞))

τ 2
(
Φ−2

|LT L Ou|
2
+ |e4(L Ou)|2

)
≤ 2

∫
Σt ([r,∞))

τ 2
(
Φ−2 1

m2 Q[LT L Ou](e3, e4) + Q[L Ou](e4, e4)

)
≤ 2

∫
Σt ([r,∞))

τ 2
(

2

m2 Φ−3 Q[LT L Ou](T, T̃ ) + 4Φ−1 Q[L Ou](T, T̃ )

)
≤

4

m2 Φ−3(δ)

∫
Σ0

τ 2 Q[LT L Ou](T, T̃ ) + 8Φ−1(δ)

∫
Σ0

τ 2 Q[L Ou](T, T̃ )

≤ c
m2

+ 1

m2 I,
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where the assumption δ0 ≤ δ is used in the last inequality. Therefore we reach the first result (I) in Proposition 2.1.
Next we derive the second estimate (II) in Proposition 2.1 to which the region δ ≤ δ0 is related.

(B) The only troublesome items are∫
Σt ([r,∞))

τ 2
|D/Ñ u|

2 and
∫
Σt ([r,∞))

r2τ 2
|∇/D/Ñ u|

2.

As in the previous case, we will control the following integrals to estimate
∫
Σt ([r,∞))

τ 2
|D/Ñ u|

2:∫
Σt ([r,∞))

Φ−3τ 2 Q[LT u](T, T̃ ) and
∫
Σt ([r,∞))

Φ−1τ 2 Q[u](T, T̃ ).

Using the notation rt,0 for the radial coordinate of S(t, 0) = Σt ∩ C(0), we know that∫
Σt ([r,∞))

τ 2 Q[u](T, T̃ ) =

∫
Σt ([r,rt,0])

τ 2 Q[u](T, T̃ ) +

∫
Σt (rt,0,∞)

τ 2 Q[u](T, T̃ )

≤ τ 2(δ)

∫
Σt ([r,rt,0])

Q[u](T, T̃ ) +

∫
Σt (rt,0,∞)

τ 2 Q[u](T, T̃ )

≤ τ 2(δ)

∫
Σt ([r,∞))

Q[u](T, T̃ ) +

∫
Σ0

τ 2 Q[u](T, T̃ )

≤ τ 2(δ)

∫
Σ0

Q[u](T, T̃ ) +

∫
Σ0

τ 2 Q[u](T, T̃ )

≤ cA(m, δ)I,

where τ 2(δ) = 1 + r2
∗ (2M + δ) and A(m, δ) =

m2
+1

m2 ( 2M+δ
δ

)
3
2 (1 − r∗(2M + δ))2. The same argument can be easily

applied to the other integral
∫
Σt ([r,∞))

τ 2 Q[LT u](T, T̃ ). Considering the identities (18), (19) and (21) the following

estimate of
∫
Σt ([r,∞))

r2τ 2
−|∇/D/Ñ u|

2 can be easily obtained:∫
Σt ([r,∞))

r2τ 2
−|∇/D/Ñ u|

2
≤ 2

∫
Σt ([r,∞))

τ 2
(
|Φ−1LT L Ou|

2
+ |e4(L Ou)|2 + |Φ−1LT u|

2
+ |e4(u)|2

)
≤ 2

∫
Σt ([r,rt,0])

τ 2
(
|Φ−1LT L Ou|

2
+ |e4(L Ou)|2 + |Φ−1LT u|

2
+ |e4(u)|2

)
+ 2

∫
Σt (rt,0,∞)

τ 2
(
|Φ−1LT L Ou|

2
+ |e4(L Ou)|2 + |Φ−1LT u|

2
+ |e4(u)|2

)
≤ cA(m, δ)I.
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